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Solution 1 (Time spent: 5 hours).

(a) I generate the data using the dynamics model in the handout. To generate Gaussian noise and
the initial value of x, I use numpy.random.normal().

1 class EKF(object):

2 def __init__(self):

3 self.x_k_1 = lambda x_k, a, epsilon_k: a * x_k + epsilon_k

4 self.y_k = lambda x_k, nu_k: np.sqrt(x_k ** 2 + 1) + nu_k

5 self.epsilon_k = lambda: np.random.normal(loc=0, scale=1)

6 self.nu_k = lambda: np.random.normal(loc=0, scale=1/2)

7 self.x_0 = lambda: np.random.normal(loc=1, scale=2)

8

9 def generate_KF_data(self, a=-1, steps=100):

10 y_k_list = []

11 x_k = self.x_0()

12 for i in range(steps):

13 x_k_1 = self.x_k_1(x_k, a, self.epsilon_k())

14 y_k = self.y_k(x_k, self.nu_k())

15 x_k = x_k_1

16 y_k_list.append(y_k)

17 return y_k_list

LISTING 1. Generate data

(b) To estimate a using EKF, I treat a as a part of the state. The dynamic model for a is,

ak+1 = ak (1)

The measurement model doesn’t contain a. Therefore, the derivative of the measurement function
over a is 0.

dy

da
= 0 (2)

Then I follow the EKF in the lecture notes to estimate a.

1 def estimate_a(self, y_k_list: list):

2 steps = len(y_k_list)

1
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3 mu_k_k = np.array([

4 [1, -10]

5 ])

6 sigma_k_k = np.array([

7 [2, 0],

8 [0, 1]

9 ])

10 R = np.array([

11 [1, 0],

12 [0, 0]

13 ])

14 Q = 1/2

15 mu_list = []

16 sigma_list = []

17 for i in range(steps - 1):

18 # propagating the dynamics by one timestep

19 # mu_k1_k and sigma_k1_k

20 mu_x_k_k = mu_k_k[0, 0]

21 mu_a_k_k = mu_k_k[0, 1]

22 mu_k1_k = np.array([

23 [mu_a_k_k * mu_x_k_k, mu_a_k_k]

24 ])

25 A = np.array([

26 [mu_a_k_k, mu_x_k_k],

27 [0, 1]

28 ])

29 sigma_k1_k = A @ sigma_k_k @ A.transpose() + R

30

31 # incorporating the observation

32 # kalman gain

33 mu_x_k1_k = mu_k1_k[0, 0]

34 C = np.array([

35 [(mu_x_k1_k ** 2 + 1) ** (-1 / 2) * mu_x_k1_k, 0]

36 ])

37 K = sigma_k1_k @ C.transpose() * ((C @ sigma_k1_k @ C.transpose() +

Q) ** -1)

38

39 # u_k1_k1 and sigma_k1_k1

40 mu_k1_k1 = mu_k1_k + K.transpose() * (y_k_list[i + 1] - np.sqrt(

mu_x_k1_k ** 2 + 1))

41 KC = K @ C

42 sigma_k1_k1 = (np.identity(len(KC)) - KC) @ sigma_k1_k

43
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44 mu_list.append(mu_k1_k1[0, 1])

45 sigma_list.append(sigma_k1_k1[1, 1])

46

47 # update mu_k_k and sigma_k_k

48 mu_k_k = mu_k1_k1

49 sigma_k_k = sigma_k1_k1

50 return mu_list, sigma_list

LISTING 2. Generate data

(c) I set the initial value of a to be -10 and the variance of a to be 1. The mean of a converges to
the real value and the variance of a decreases quickly after the filter incorporates some observations.

FIGURE 1. Estimate of a
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Solution 2 (Time spent: 30 hour).

(a)

FIGURE 2. Data Exploration

FIGURE 3. Accelerometer readings
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FIGURE 4. Gyroscope readings

FIGURE 5. Rotations in Vicon
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(b) I calibrated the sensors using the method talked about in the tutorial of this assignment. For
the accelerometer, I assume that gravity is the only acceleration captured by the accelerometer. I
transform the gravity in the world frame to the body frame with the rotation matrix from the Vicon
dataset. Then I use linear regression optimization to estimate the bias and sensitivity. The sensitivity
and bias along different axes are,

1 alpha_x, beta_x = -34.20366606015695, 510.96879722807637

2 alpha_y, beta_y = -34.25852812923489, 500.6043179840124

3 alpha_z, beta_z = -33.83737256121582, 502.45814226905196

LISTING 3. Generate data

The accelerometer calibration results are shown in Figure 6.

FIGURE 6. Accelerometer calibration

For the gyroscope, I calculate the real angular velocity from the Vicon dataset and estimate bias
and sensitivity using linear regression. The sensitivity and bias are,

1 alpha_x, beta_x = 192.0673078010748, 373.7548883209933

2 alpha_y, beta_y = 180.25536722990273, 374.63586219640575

3 alpha_z, beta_z = 193.6674368840245, 369.5883024736752

LISTING 4. Generate data
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FIGURE 7. Gyroscope calibration

The gyroscope calibration results are shown in the Figure 7.
(c)
(d) The initial value of the covariance of the state, dynamics noise, and measurement noise I chose

are as follows.

1 sigma_0_0 = np.eye(6) * 0.1

2 propagation_noise = np.eye(6) * 0.1

3 observation_noise = np.eye(6) * 0.1

LISTING 5. Generate data

The approach I follow to implement UKF is the one documented in the EK’s paper.
(e) The results of the orientation estimate in Euler angles are shown in Figure 8.
The results of the orientation estimate in quaternions are shown in Figure 9. Some parts of the

figure show that there is a large difference between the estimate and the real values. However, the
estimate and the real values are symmetric along x = 0 so the estimate of quaternion is just the other
form of quaternion even if the estimate looks incorrect.

The results of the angular velocity estimate are shown in Figure 10.
The readings from the accelerometer and gyroscope are already shown in Figure 6 and Figure 7.
(f)
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FIGURE 8. Orientation estimate in Euler angles
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FIGURE 9. Orientation estimate in quaternion
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FIGURE 10. Angular velocity estimate


